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Abstract:

Fractional calculus provides powerful tools for modeling memory-
dependent systems and complex real-world problems in
mathematical biology and biomedical models. In this paper, the
fractional digital burnout equation is studied, where we used the
Homotopy Perturbation Method (HPM) coupled with the Laplace
transform to obtain approximate analytical solutions. The fractional
derivative is considered in the Caputo sense. Particular attention is
devoted to investigating the effect of the fractional-order parameter
a on the behavior of the solution. Some illustrative examples are
presented, and graphical representations of the approximate
solutions for different values of « are provided to explain the effect
of the fractional order on the model dynamics and solution behavior.
Keywords: Caputo fractional derivative, Digital burnout models,
Homotopy perturbation method, Laplace transform.
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1. Introduction.

Fractional calculus has attracted much attention recently. This is
mostly due to the fact that it provides an efficient and excellent
instrument for describing many dynamical phenomena arising in
engineering and other scientific disciplines such as physics,
chemistry, biology, control theory, and medical sciences
((1L12L,13L[4LI5LI6LI71L.I81.[9 D

The Caputo fractional derivative is considered as an effective tool
for modeling real-world phenomena; for example, Podlubny in [2]
introduced the fundamental theory of fractional differential
equations and their applications in dynamic systems. On the same
side, Diethelm [5] presented the analytical properties of Caputo
fractional models and their ability to represent nonlinear systems
with memory effects.
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Nowadays, solving differential equations of fractional order is
considered one of the most important fields in fractional calculus.
Numerous analytical and numerical methods have been developed
to obtain approximate or exact solutions of this type of equations,
for example Laplace transform ([10], [11], [12]), Adomian
decomposition method ([13], [14], [15]), variational iteration
method (VIM) ([16], [17]), and homotopy perturbation method
([18], [19], [20], [21], [22], [23]).
Mathematical modeling plays an important role in understanding the
dynamic behavior of a large number of psychological and
behavioral problems [24]. Classical differential equations have been
widely used to describe many real-life systems, but they sometimes
fail to describe the memory effects. Therefore, scientists and
researchers replaced the classical derivatives with fractional
derivatives which provide a more realistic description of the effect
of the basic states on the present dynamic.
Burnout is a state of physical, psychological, or emotional strain
resulting from a prolonged and continuous exposure to stress, and
affects overall performance and productivity. There are many types
of burnout such as, Occupational Burnout, Academic Burnout,
Emotional Burnout, Digital Burnout, etc. These types can be
modeled using differential equations to study them. The most
important type nowadays is Digital Burnout that will be modeled
and discussed here.
If we consider the digital burnout and psychological stress variables
as a continuous function on the time, then we can establish the
relationship between these functions by differential equation that
describes and analyzes them with initial conditions. So, we can get
the model described using ordinary differential equations, where the
most of real-life situations digital burnout depends on collecting of
previous stress, continuous tiring and exposure to digital
environments due to this reason, fractional order model more
suitable and accurate to these phenomena.
In this paper, suppose that u(t) represents the level of digital
burnout at time t, and D(t) denotes the digital usage intensity and
R(t) represents the recovery factor (rest - sleep - ....). The burnout
rate can be written as:
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w' () = pD(Ou®) — AR —pu?(t) ; u(0) =u, (1.1

where A,u > 0, p is the effect of digital usage A recovery , and u
is the natural reduction of burnout .

If we suppose that the burnout depends on the past experiments and
the accumulated stress, then it is suitable to replace the classical
derivative by fractional derivative, so we get the fractional digital
burnout equation on the form:

D&u(t) = pD()u(t) — AR(t) —pu?(t), 0O0<a<1 (1.2)
with initial condition
u(0) = ug (1.3)

where D¢ is the fractional derivative in Caputo sense.

This equation can be considered as a special case of fractional
Riccati differential equation. Several, factors that affect the digital
burnout model, such as values of o, as well as the functional
expression of the nonhomogeneous term R(t), in this work, we focus
on the effect of a.

In this paper we have coupled the homotopy perturbation method
with Laplace transform method (HPLTM) and used it to obtain
analytical approximate solution of fractional digital burnout
equation (linear-and nonlinear), and analyze the effect of the
fractional order on the solution behavior.

The reminder of this paper is organized as follows. In section 2 we
recalled the preliminary definitions and theories in fractional
calculus which we need them in this paper. In section 3 we
introduced the basic idea of homotopy perturbation method. In
section 4 we described the solution algorithm of fractional digital
burnout equation using (HPLTM). In section 5 we gave special
cases of the proposed equations and solved by proposed method and
discuss the results. Finally in section 6, we gave the concluding
remarks.
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2. Preliminaries

In this section, we present some definitions and properties of
fractional calculus

that will be useful in this work

Definition2.1.The Riemann-Liouville fractional integral is defined
as [2]

JU@ =55, G- f©dt, a>0,x>
0 (2.1
In particular J° [f(x)] = f(x) ,

For Riemann-Liouville fractional integral, one has

Jaxy = F'y+1)

= L yr+a 2.2
Tlaty+1) " (22)

Definition 2.2. The Caputo fractional derivative is defined as [2]

DE[F()] = ™GD™f(x) = s Jy (x =™ (D) de (2.3)

Form—-—1<a<m,meNx>0,feC] ,u=1
Lemma 2.1. [2]

Ifm—1<a<m, meN, fe(C" ,u=-1
Then the following two properties hold.

1-D* [4f ()] = f(x)
k
2-J4[D*f ()] = f(x) — TR FR(0) -
Definition2.3. The Mittag—Leffler function E,(x) witha > 0is

defined by the following series representation, valid in the whole
complex plane [25].
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xn

Ea(.X') = Z?;;Om (24)

The Mittag-Leffler function with two parameters E, g(x) defined
as follows [25]

[0e]

xn

E (x)=Z— C a,B>0 (2.5)
@ F(an+B),_, A

Its kth derivative is given by
(k) (Tl + k)' xn

E = Z k=0,1,2,3,.... 2.6
“*ﬁ(x) On! F'(an+ ak + B) (26)

n=

We find it convenient to introduce the function
oi(t,a,a,B) = t¥*+B1EN) (+ar®) (2.7)

Definition 2.4. The Laplace transform of a function f(x),x >0
denoted by F(s), is defined by [26]

LIFO)] = F(s) = [, e™* f(x) dx (2.8)

where s is the transform parameter, which is assumed to be a real
variable.

Theorem 2.1. For any two functions f(t)and g(t)with Laplace
transforms F(s)and G (s) we have [26]

L(f xg) = F(s)- G(s).
Similarly, if L7[F(s)] = f(t) and L7[G(s)] = g(t) then,

L7F(s)-G(s)] = f(£) * g(t)

Definition 2.5. The Laplace transform of the Caputo fractional
derivative is defined as [2]

LID*f(x) ] = sF(s) — Zg=os“ ¥~ f™(0) (2.9)
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Laplace transform of oy (t, a, a, ) was evaluated by Podlubny [2]
k! s«=F

1
L[ak(t,a,a,ﬁ)]=m, Re(s) > |ala (2.10)
Hence
k! s@F R
£t Wl = tak+B-15®) (1ar), Re(s) > lafa (211)

3. Homotopy perturbation method

In this section, we introduce the homotopy perturbation method
for general type of the nonlinear differential equation with boundary
conditions

Alw)—f(r)=0, reR (3.1)
B(w2)=0,rer (3.2)

where B is a boundary operator and A is a general differential
operator and can be divided into parts linear operator L and a
nonlinear operator N.

Therefore, eq. (3.1) can be rewritten as follows:

Lw)+Nw)—f(r)=0 (3.3)

By the homotopy technique ([18], [19]), we define a homotopy as
follows:

H(r,p): @ x[0,1] = R
H(u,p) = (1 — p)[L(w) — L(up)] + p[A(w) — f(r)] =0,p €
[01],7 € Q (3.4)
Or
H(u,p) = L(u) — L(up) + pL(ug) +p[N(w) — f(r)] =0, p €
[0,1](3.5)

where p € [0,1] is an embedding parameter and u, is an initial
approximation of eq. (3.1) which satisfies the boundary conditions.
From (3.4) and (3.5) we have
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H(u,0) = L(u) — L(up) =0
H(u,1) =Aw) - f(r)=0
As the embedding parameter of p varies continuously of p from zero
to unity is just that of (r,p) from uy(r) to u(r). In topology this is
called deformation and L(u) — L(uy) and A(u) — f(r) are called

homotopic.
Now, assume the solution of equations (3.4) and (3.5) can be
expressed as a power series in p, that is

9 = Lrlop*uy (3.7)

(3.6)

Substituting (3.7) in (3.6) and comparing the coefficients of power
of p yields a successive procedure to determine uy .

Finally, the approximate solution of eq. (3.1) can be obtained by
setting p = 11in eq. (3.7)

4. Homotopy Perturbation Method Coupled with Laplace
Transform
To illustrate the basic idea of this method, we consider the
following fractional nonlinear Digital Burnout equation with initial
condition in the form

cppu(t) = AD(t) — pu(t) — nu?(t) + pD(Hu(t),0 < a <1 (4.1)
Firstly, applying the Laplace transform of both sides of (4.1), we
have

L{cpfu®] = LIAD(®)] — LIpu(®)] + LIpD ()u(t)]
— L[nu*(0)] (4.2)

Using the differential property of Laplace transform, we get

Llu(D)] = ”% + s~ LIAD(D)] — s~ Luu(t)]
+s7*L[pD(Ou(t)] — s *L[nu?(t)] (4.3)

Operating the inverse Laplace transform on both sides of (4.3), we
have
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u(t) = M(t) + L7 (—s %L{pu(t)] + s~ *L[pD (t)u(t)]
—s~ L ()] (4.4)
where M(t) represents the term arising the source term and the
prescribed initial condition.
Now, applying (HPM), we get

Trzop " un(®) = M(t) + P{LLT (sT*L[Xr0 P Hy(W)] —
sTOL[MN Xn=o P" Ny (WD} (4.5)

where Hp,(u) = —uu(t) + pD(t)u(t) andN,(u) is He’s
polynomials.

He’s polynomials for u? can be calculated as follows

No(u) = u(z)
Nl(u) = Zuoul (4‘6)
Ny(u) = u? + 2ugu,

Equating the corresponding power of p on both sides in
equation(4.5), we have

p°: up(t) = M(t)
p': uy (t) = L71s7L[Hy(w)] — s™*L[nNy(w)] (4.7)
p% uy () = L71s T LIH ()] — s™L[nN; (u)]

Proceeding in the same manner, the rest of the components u, (t)
can be completely obtained, and the series solution is thus entirely
determined. Finally, we approximate the solution u(t) by truncated
series

u(t) = lim TNy (6) (4.8)
n—-oo
This series solutions generally converge very rapidly.

5. Applications
In this section, we discuss the implementation of proposed method
for several case of digital Burnout model.
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ExampleS.1. Consider the following linear fractional Digital
Burnout equation with initial condition

D%u(t) = t—u(t) O<a<1, u(0)=0 (5.1)
with the exact solution

u(t)=1—e"t (5.2)
where t is burnout source and —u(t) is recovery term.

Applying Laplace transform on both sides on eq. (5.1). subject to
initial condition (5.2), we get

L)} = 5z — sTL{u®) (5.3)

Operating the inverse of Laplace transform on both sides in (5.3)we
have

u(t) = £ {5} - £ s~ Liu()}) (5.4)
Now, applying homotopy perturbation method

a+1
S0P n () = rims = PL7M s ™ Lun ()] (5.5)

P 0() =
phiug(t) = —L7[s™% L{ug(t)}]
pZuy(t) =
—L7s™* L{uy (D)}] (5.6)
pPus(t) = =L s L{up ()]

Py () = —£7 5™ L{un_s (O]

So, the solution u(t) the problem is given by

ut) = lim %o un (t)
—00
" ta+1 t2a+1 t3a+1 t4—a+1

— — + — + ..
Na+2) TQRa+2) TBa+2) TMa+2)
10 ISTJ — Volume 39-1 1 -39 2aall - Al 5 o slall 30 gal) Alall
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tna+1

(5.7)

'na+2)

which is an exact solution of the given fractional Digital Burnout
Equation(5.1) for a = 1.

0.5F

- a=0.25

Digital Burout Level

7Time

Figure 1: Approximate solution for equation (5.1) for different values of
o

Example 5.2: We consider the following linear fractional Digital
Burnout equation with initial condition

D*(u) = et —u(t) u(0)=0 (5.8)
with the exact solution
u(t) = sinh(t) (5.9)

Applying Laplace transform on both sides on eq. (5.8) subject to
initial condition(5.9), we get

L)} = —— — s~*L{u(t)} (5.10)

s%(s—1)

Operating the inverse of Laplace transform on both sides in (5.10),
we have
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u(t) = £1 {;} — L s Lfu(n)}) (5.11)

s%(s—1)

Now, applying homotopy perturbation method

N 1
D P (0) = L7 | s | L L ()] (512)
n=0

P°: Uy (t) = t*Eq q11(t)

phiug(t) = —L7[s™% L{ug(t)}]

p*uy(t) = —L7M[s™* L{u, (D)]] (5.13)
p*us(t) = —L71[s7% L{u,(t)}]

P un(t) = —L7H s ™% L{uy-1(D)}]
So, the solution u(t) the problem is given by

u(t) = lim XN_ou,(¢)
n—oo
u(t) = tYEjqeq1(t) — tzaE1,1+2a(t) + tsaE1,1+3a(t)
— t**E) 114q(®) + - — t"EL 1 40a (1) (5.14)

which is an exact solution of the given fractional Digital Burnout
Equation(5.8) for a = 1.

Digital Burnout Level

Time

Figure 2: Approximate solution for equation (5.8) for different values of
o
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ExampleS.3. We consider the following nonlinear fractional Digital
Burnout equation with initial condition

D*(w)=et—u(t)— u?@®), O0<a <1 (5.15)
Subject to initial condition
u(0) =0 (5.16)

Applying Laplace transform on both sides of (5.15)with initial
condition(5.16), we get

LD*W)} = L{e'} — L{u(®)} — L{u*(O)} (5.17)

Operating the inverse of Laplace transform on both sides in( 5.17),
we have

w0 = )

— £t [smeLfu(®)} — s~ L2} 1 (5.18)

Now, applying homotopy perturbation method

=) - 1
S ) - i) -

pL™! [sT*L{u(®)}- s~ L{u*(©)} 1(5.19)

— -1 1
Up = L {s“(s—l)}
= tE114a(t)
u; = L7 [=s7%L{ug (1)} — s™% L{up?(£)} ]
= —tzaELl.,.Za(t) - t1+3aE(1)1,1+3a(t)
up = L7 [=s7L{uy ()} — s L{2upu4} |
= —t3E 113, (O —t"TEW, 1440 (=20 EW 14,0
42 t1+5“E(2)1,1+5a(t) (5.20)
Uz = t4aEl,1+4a(t)+t1+5a5(1)1,1+5a(t)+t2+6aE(2)1,1+6a(t)

1
+5 ETES 1470 (0)
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http://www.doi.org/10.62341/istj-vol39-1-an15

International Science and Volume 39 1) Ty el Tl Al )
_Technology Journal Part 1 daal i <
Gl ) ISTA7

Analysis of Fractional Digital Burnout Equation: Approximate
Solutions and the Effect of the Fractional Order

http://www.doi.org/10.62341/istj-vol39-1-an15

The approximate solution of above equation is

Up(t) = t¥E1146(t) — t*“E1 1424 (1)
— t3HEW a0 (D)= t3E; 1434 (1)
=34 IEW, e (©) + 2 8759E@ L, (D)
HE4E 14 (8) FETSTED L (D +E2FOYE@ 60 (1)
+ 2 HTOEG) o (8) (5.21)

Digital Burnout Level

Time

Figure 3: Approximate solution for equation (5.15)-(5.16) for different
values of a

6. Result Discussion and Conclusion

Figures (1), (2), and (3) show the behavior of the solution at
different values of a (0=0.25, 0=0.50, 0=0.75, a=1). In all figures,
we see that u(t) (representing the level of digital burnout) increases
with time for all values of the fractional order parameter a. In
particular, at a=0.25, u(t) reaches the highest values, whereas at
o=1, it gives the lowest values over the considered time interval.
This indicates that the fractional order o has a significant influence
on the dynamics of the model. From another point of view,
decreasing the fractional order increases the memory effect of the
system.

In Conclusion, the obtained results demonstrate that fractional
differential equations provide an effective framework for modeling
digital burnout. In this article, we used a fractional-order digital
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burnout Model (1.2)-(1.3) for investigating the memory effect
resulting from the continuous use of digital technologies, where the
current burnout level depends not only on the present state but is
also influenced by previous exposure to digital stressors. Therefore,
the fractional order model provides a more realistic representation
of digital burnout than the classical order solution a=1 over time.
The numerical results further reveal that burnout evolves more
gradually than compared with the classical model due to this
behavior is attributed to the memory effect of the fractional
derivative, which reflects the influence of fractional dynamics

References
[1] Oldham, K. B., & Spanier, J. (1974). The fractional

calculus:Theory and applications of differentiation and
integration to arbitrary order. Academic Press.

[2] Podlubny, I. (1999). Fractional differential equations: An
introduction to fractional derivatives, fractional differential
equations, to methods of their solution and some of their
applications (Vol. 198). Academic Press

[3] Samko, S. G., Kilbas, A. A., & Marichev, O. 1.
(1993).Fractional integrals and derivatives: Theory and
applications. Gordon and Breach Science Publishers.

[4] Kilbas, A. A., Srivastava, H. M., & Truyjillo, J. .
(2006).Theory and applications of fractional differential
equations.Elsevier.

[5] Diethelm, K. (2010). The analysis of fractional differential
equations :An Application-Oriented Exposition using
Differential Operators of Caputo type, Springer- Veriag
Berlin.

[6] Lopes, A. M., Alfi, A., Chen, L., & David, S. A. (Eds.).
(2024).Fractional calculus: Theory and applications (Vol. I).
MDPIL.

15 ISTJ — Volume 39-1 1 - 39 22al) - Al 5 & slall A 5al) dlall


http://www.doi.org/10.62341/istj-vol39-1-an15

International Science and Volume 39 ad) LA el T30 Al

55:3‘:‘:31.‘1%‘3‘:52‘:;, Part 1 daall i“g;i-_—»j %

Analysis of Fractional Digital Burnout Equation: Approximate
Solutions and the Effect of the Fractional Order

http://www.doi.org/10.62341/istj-vol39-1-an15

[7]

[8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

Lopes, A. M., Alfi, A., Chen, L., & David, S. A. (Eds.).
(2024). Fractional calculus: Theory and applications (Vol. II).
MDPL. https://doi.org/10.3390/books978-3-7258-1148-9
Naifar, O., Ben Makhlouf, A., & Hammami, M. A. (Eds.).
(2025). Fractional Calculus and Applications: ICFCA 2024,
Sousse, Tunisia, December 26—-30. Springer.

Kaur, L., & Kumar, P. (Eds.). (2025). Recent developments in
fractional calculus: Theory, applications, and numerical
simulations. Springer.

Li Kexue, Peng lJigen, (2011), Laplace transform and
fractional differential equations, Applied Mathematics
Letters, Applied Mathematics Letters 24, 2019-2023

Bouzidi M, Nasri A, Hamouda M. Laplace transform for
fractional differential equations in viscoelastic electrical
systems. Diagnostyka. 26(3), 1-7.

Kumar S., Yildirim A., Khan Y., Jafari H., Sayevand K.,&
Wei, L. (2012). Analytical solution of fractional Black-
Scholes European option pricing equation by using Laplace
transform. Journal of Fractional Calculus and Applications,
vol. 2, no. 8, 1-9.

Nabil Shawagfeh, (1999), The decomposition method for
fractional differential equations, Journal of Fractional
Calculus, Vol.16, 27-33.

Pshtiwan Othman Mohammed, José Anténio Tenreiro
Machado, Juan L. G. Guirao & Ravi P. Agarwal. (2021),
Adomian Decomposition and Fractional Power Series
Solution of a Class of Nonlinear Fractional Differential
Equations, Mathematics 2021, 9, 1070,1-18.

Mona Alsulami, Mariam Al-Mazmumy, Maryam Ahmed
Alyami & Asrar Saleh Alsulami, (2024), Generalized Laplace
Transform with Adomian Decomposition Method for Solving

16

ISTJ — Volume 39-1 1 - 39 2=l - A 5 o slall 440 5all Alaall


http://www.doi.org/10.62341/istj-vol39-1-an15
https://www.sciencedirect.com/journal/applied-mathematics-letters
https://www.sciencedirect.com/journal/applied-mathematics-letters
https://www.researchgate.net/profile/Nabil-Shawagfeh?_tp=eyJjb250ZXh0Ijp7ImZpcnN0UGFnZSI6InB1YmxpY2F0aW9uIiwicGFnZSI6InB1YmxpY2F0aW9uIn19

International Scienceand Y Olume 39 2nl) Ay D 5 L
Technology Journal Part 1 daal - - “a

Al gl gl Ayl |STJ)\<

Analysis of Fractional Digital Burnout Equation: Approximate
Solutions and the Effect of the Fractional Order

http://www.doi.org/10.62341/istj-vol39-1-an15

Fractional Differential Equations Involving w-Caputo
Derivative, Mathematics 2024, 12, 3499, 1-16.

[16] Asma Ali Elbeleze,]1 Adem Kiligman and Bachok M. Taib,
(2014), Fractional Variational Iteration Method and Its
Application to Fractional Partial Differential Equation,
Hindawi Publishing Corporation Mathematical Problems in
Engineering Volume 2013, Article ID 543848, 10 pages.

[17] Hassan Eltayeb, Shayea Aldossari and Said Mesloub, (2026),
The Variation Iteration Method Combined with the Natural
Generalized Laplace Transform for Solving Fractional
Burgers Equations, Mathematics 2026, 74(13), 2381.

[18] Ji Huan He, (1999). Homotopy perturbation technique,
Engineering, Volume, 257-262

[19] J.-H. He, “A coupling method of a homotopy technique and a
perturbation technique for non-linear problems,” 2000,
International Journal of Non-Linear Mechanics, vol. 35, no.1,
37-43.

[20] J.-H. He, (2006), Some asymptotic methods for strongly
nonlinear equations,” International Journal of Modern Physics
B, vol. 20, no. 10, 1141-1199.

[21] Fareed, A.F.; Mohamed, E.A.; Aly, M.; Semary, M.S. (2025),
A Novel Fractional Integral Transform-Based Homotopy
Perturbation Method for Some Nonlinear Differential
Systems. Fractal Fract, 9, 212.

[22] S. Momani and Z. Odibat, (2007). Homotopy perturbation
method for nonlinear partial differential equations of
fractional order,” Physics Letters A, vol. 365, no. 5-6, 345—
350.

[23] Jafari H. & Khalique C. M. (2012). Homotopy perturbation
and variational iteration methods for solving fuzzy differential
equations,” Communications in Fractional Calculus, vol. 3,
38-48.

17 ISTJ — Volume 39-1 1 - 39 22al) - Al 5 & slall A 5al) dlall



http://www.doi.org/10.62341/istj-vol39-1-an15

International Scienceand Y Olume 39 Jasl) Ty g glatl g dpa )
_Technology Journal Part 1 N > 1) PR S — <
800 g o ghall 40 gal) Alnal) S T l /\

Analysis of Fractional Digital Burnout Equation: Approximate
Solutions and the Effect of the Fractional Order

http://www.doi.org/10.62341/istj-vol39-1-an15

[24] Murray, J.D. (2002) Mathematical Biology I: An Introduction.
3rd Edition, Springer-Verlag, New York,
https://doi.org/10.1007/b98868.

[25] Agarwal, RP: (1953) A propos d’une note de M. Pierre
Humbert. C. R. Acad. Sci. Paris 236(21), 2031-2032.

[26] Murray, R. Spiegel, (1965). Advance Mathematics for
Engineering and statists. Shaum’s outline series.

18 ISTJ — Volume 39-1 1 - 39 2aall - A8l 5 o slall 23] gal) Alaall


http://www.doi.org/10.62341/istj-vol39-1-an15


  α


  α


  𝛼


    𝛼


  u  ( t )


    t


  D  ( t )


  R  ( t )


    u ′  ( t ) = ρ D  ( t ) u  ( t ) − 𝜆 R  ( t ) − 𝜇   u 2  ( t )     ;       u  ( 0 ) =   u  0                                 ( 1 . 1 )


  𝜆   ,   𝜇   > 0


  𝜌


  𝜆


  𝜇


    D  t  𝛼 u  ( t ) = 𝜌 D  ( t ) u  ( t ) − 𝜆 R  ( t ) − 𝜇   u 2  ( t ) ,               0 < 𝛼 ≤ 1                   ( 1 . 2 )


  u  ( 0 ) =   u 0                                                                                                                                                                                       ( 1 . 3 )


    D  t  𝛼


    α


  R  ( t ) ,


  α .


    J  𝛼  [ f ( x ) ] =  1  Γ  ( 𝛼 )   ∫ 0  x     ( x − t )  𝛼 − 1   f  ( t )   d t ,               𝛼 > 0   ,   x > 0                   ( 2 . 1 )


    J 0    [ f  ( x ) ] = f ( x )


    J  𝛼   x  𝛾 =     Γ  ( 𝛾 + 1 )  Γ ( 𝛼 + 𝛾 + 1 )     x  𝛾 + 𝛼                                                                                                                   ( 2 . 2 )


    D  x  𝛼  [ f  ( x ) ] =        J  m − 𝛼


  m − 1 < 𝛼 ≤ m   ,     m ∈ N , x > 0   ,   f ∈   C  𝜇  m     ,   𝜇 ≥ 1


  m − 1 < 𝛼 ≤ m   ,     m ∈ N ,     f ∈   C  𝜇  m     ,   𝜇 ≥ − 1


    


   [   f  ( x )     f  ( x )     = ] =


    J  𝛼  [   D  𝛼 f  ( x ) ] = f  ( x ) −    ∑  k = 1  m − 1   F  k ( 0 )


      x  k    k !


    E  𝛼 ( x )  


    𝛼 > 0  


    E  𝛼  ( x ) =   ∑  n = 0 ∞      x  n  Γ  ( 𝛼 n + 1 )                                                                                                                                       ( 2 . 4 )


    E  𝛼 , 𝛽 ( x )  


    E  𝛼 , 𝛽  ( x ) =    ∑      x  n  Γ  ( 𝛼 n + 𝛽 )  n = 0 ∞ ,         𝛼 , 𝛽 > 0                                                                    ( 2 . 5 )        


    E  𝛼 , 𝛽  ( k )  ( x ) =   ∑  n = 0 ∞     ( n + k ) !     x  n  n !   Γ  ( 𝛼 n + 𝛼 k + 𝛽 )   ,   k = 0 , 1 , 2 , 3 , … .                                   ( 2 . 6 )


    𝜎  k  ( t , a , 𝛼 , 𝛽 ) =   t  𝛼 k + 𝛽 − 1   E  𝛼 , 𝛽   ( k )  ( ± a   t  𝛼 )                                                                                         ( 2 . 7 )


  f  ( x ) ,   x ≥ 0


  ℒ  [ f  ( x ) ] = F ( s ) =   ∫ 0 ∞    e  − s x   f  ( x )   d x                                                                                           ( 2 . 8 )


    s


  f ( t )


  g  ( t )


  F  ( s )


  G ( s )


  ℒ  ( f ∗ g ) =   F  ( s ) ∙   G  ( s ) .


   ℒ  − 1  [ F ( s ) ] = f ( t )


   ℒ  − 1  [ G ( s ) ] = g ( t )


   ℒ  − 1  [ F  ( s ) ∙ G ( s ) ] = f ( t ) ∗ g ( t )


  ℒ  [   D  𝛼 f ( x )   ] =   s  𝛼 F  ( s ) −   ∑  k = 0  n − 1    s  𝛼 − k − 1   f  n  ( 0 )                                                             ( 2 . 9 )


   σ k  ( t , a , α , β )


  ℒ  [   𝜎  k  ( t , a , 𝛼 , 𝛽 ) ] =   k !     s  𝛼 − 𝛽     (   s  𝛼 ± a )  k + 1 ,       R e  ( s ) >    | a |   1  𝛼                                          ( 2 . 10 )


 


  


                    A  ( u ) − f  ( r ) = 0 ,         r ∈ ℝ                                                                                                           ( 3 . 1 )


  B  ( u ,     𝜕 u  𝜕 n ) = 0   ,     r ∈ Γ                                                                                                                                               ( 3 . 2 )  


  B


  A


  L


  N .


  L  ( u ) + N  ( u ) − f  ( r ) = 0                                                                                                                                ( 3 . 3 )


                  H ( r , p )   :   Ω ×  [ 0 , 1 ] ⟶ R  


  H  ( u , p ) =  ( 1 − p )  [ L  ( u ) − L  (   u 0 ) ] + p  [ A  ( u ) − f  ( r ) ] = 0 , p ∈


  H  ( u , p ) =  ( 1 − p )  [ L  ( u ) − L  (   u 0 ) ] + p  [ A  ( u ) − f  ( r ) ] = 0 , p ∈


                                                                                                                                                                                   [ 0 , 1 ] ,   r ∈ Ω       ( 3 . 4 )


                                                                                                                                                                                   [ 0 , 1 ] ,   r ∈ Ω       ( 3 . 4 )


  H  ( u , p ) =   L  ( u ) −   L  (   u 0 ) + p L  (   u 0 ) + p  [ N  ( u ) − f  ( r ) ] = 0 ,     p ∈                                                                                                                                                                                                                      [ 0 , 1 ] ( 3 . 5 )


  p ∈  [ 0 , 1 ]  


    u 0


     H ( u , 0 ) =   L ( u ) −   L (     


  ( 3 . 6 )


  p


  p


   ( r , p )


    u 0 ( r )


  u ( r )


  L ( u ) −   L (   u 0 )


  A ( u ) − f ( r )


  p


  𝜗 =   ∑  k = 0 ∞    p  k   u  k                                                                                                                                                                       ( 3 . 7 )


  p


    u  k


  p = 1


      c  D  t  𝛼 u  ( t ) = 𝜆 D  ( t ) − 𝜇 u  ( t ) − 𝜂   u 2  ( t ) + 𝜌 D  ( t ) u  ( t ) ,   0     <   𝛼   ≤ 1     ( 4 . 1 )


  ℒ  [     c  D  t  𝛼 u  ( t ) ] =   ℒ  [ 𝜆 D  ( t ) ] − ℒ  [ 𝜇 u  ( t ) ] + ℒ  [ 𝜌 D  ( t ) u  ( t ) ]


                                                −   ℒ  [ 𝜂   u 2  ( t ) ]                                                                                                                                           ( 4 . 2 )


  u  ( t ) =   M ( t ) +  ℒ  − 1 ( −   s  − 𝛼 ℒ  [ 𝜇 u  ( t ) ] +   s  − 𝛼 ℒ  [ 𝜌 D  ( t ) u  ( t ) ]


                      − s  − 𝛼 ℒ  [ 𝜂   u 2  ( t ) ] )                                                                                                 ( 4 . 4 )


  M ( t )


    ∑  n = 0 ∞    p  n   u  n  ( t ) =   M  ( t ) + P  {  ℒ  − 1  (   s  − 𝛼 ℒ  [   ∑  n = 0 ∞    P  n   H  n  ( u ) ] −   s  − 𝛼 ℒ  [ 𝜂   ∑  n = 0 ∞    P  n   N  n  ( u ) ] ) }           ( 4 . 5 )


    H  n  ( u ) = − 𝜇


      N  n  ( u )


    u 2


         N 0  ( u ) =     u 0 2       N 1  ( u ) = 2   u 0   u 1       N 2  ( u ) =   u 1 2 + 2   u 0   u 2


  ( 4 . 6 )


   ( 4 . 5 ) ,


    p 0 :       u 0


    p 1 :       u  1   ( t ) =    ℒ  − 1   s  − 𝛼 ℒ  [   H 0  ( u ) ] −   s  − 𝛼 ℒ  [ 𝜂   N 0  ( u ) ]  


  ( 4 . 7 )


    p 2 :       u  2       ( t ) =    ℒ  − 1   s  − 𝛼 ℒ  [   H 1  ( u ) ] −   s  − 𝛼 ℒ  [ 𝜂   N 1  ( u ) ]


      u  n       ( t )


  u  ( t )  


  u  ( t )   =    lim  n → ∞ ⁡    ∑  n = 0  N    u  n  ( t )                                                                                                                         ( 4 . 8 )


    D  𝛼 u  ( t ) = t − u  ( t )                         , 0 < 𝛼 ≤ 1   ,       u  ( 0 ) = 0                                             ( 5 . 1 )


  u  ( t ) = 1 −   e  − t                                                                                                                                                                     ( 5 . 2 )


  t


  − u  ( t )


   ( 5 . 1 ) .  


  ( 5 . 2 )


  ℒ  { u  ( t ) } =  1    s  2 + α −     


  ( 5 . 3 )


    


    ∑  n = 0 ∞    p  n   u  n  ( t ) =     t  𝛼 + 1  Γ  ( 𝛼 + 2 ) − p  ℒ  − 1  [   s  − 𝛼   ℒ  {   u  n  ( t ) } ]                                               ( 5 . 5 )


      p 0 :   u 0 ( t ) =     t  𝛼 + 1  Γ  ( 𝛼 + 2 )


      p 1 :   u 1 ( t ) =   − ℒ  − 1  [   s  − 𝛼   ℒ  {   u 0  ( t ) } ]


      p 2 : u 2  ( t ) = −  ℒ  − 1  [   s  − 𝛼   ℒ  {   u 1  ( t ) } ]                                                                                                   ( 5 . 6 )


    p 3   : u 3 ( t ) = −  ℒ  − 1  [   s  − 𝛼   ℒ  {   u 2  ( t ) } ]


                            ⋮


    p  n   : u  n ( t ) = −  ℒ  − 1  [   s  − 𝛼   ℒ  {   u  n − 1  ( t ) } ]


    p  n   : u  n ( t ) = −  ℒ  − 1  [   s  − 𝛼   ℒ  {   u  n − 1  ( t ) } ]


  u ( t )


  u  ( t )   =    lim  n → ∞ ⁡    ∑  n = 0  N    u  n ( t )


                                  =     t  𝛼 + 1  Γ  ( 𝛼 + 2 ) −     t  2 𝛼 + 1  Γ  ( 2 𝛼 + 2 ) +     t  3 𝛼 + 1  Γ  ( 3 𝛼 + 2 ) −     t  4 𝛼 + 1  Γ  ( 4 𝛼 + 2 ) + ⋯


                                      −     t  n 𝛼 + 1  Γ  ( n 𝛼 + 2 )                                                                                                                                                                 ( 5 . 7 )


  𝛼 = 1


    D α  ( u ) =   e  t − u  ( t )                           u  ( 0 ) = 0                                                                                             ( 5 . 8 )


  u  ( t ) =  sinh ⁡  ( t )                                                                                                                                                                     ( 5 . 9 )


  ( 5 . 8 )


  ( 5 . 9 )


  ℒ  { u  ( t ) } =      1    s α  ( s − 1 ) − s  − 𝛼 ℒ  { u  ( t ) }                                                                                                 ( 5 . 10 )  


    ( 5 . 10 )


  u  ( t ) =     


    ∑   


      p 0 :   u 0 ( t ) =   t  𝛼   E  1 , 𝛼 + 1 ( t )


              p 1 :   u 1 ( t ) =   − ℒ  − 1  [   s  − 𝛼   ℒ  {   u 0  ( t ) } ]


              p 2 : u 2  ( t ) =   −  ℒ  − 1  [   s  − 𝛼   ℒ  {   u 1  ( t ) } ]                                                                                       ( 5 . 13 )


            p 3   : u 3 ( t ) = −  ℒ  − 1  [   s  − 𝛼   ℒ  {   u 2  ( t ) } ]


                            ⋮


            p  n   : u  n ( t ) = −  ℒ  − 1  [   s  − 𝛼   ℒ  {   u  n − 1  ( t ) } ]


            p  n   : u  n ( t ) = −  ℒ  − 1  [   s  − 𝛼   ℒ  {   u  n − 1  ( t ) } ]


  u ( t )


  u  ( t )   =    lim  n → ∞ ⁡    ∑  n = 0  N    u  n ( t )


    u  ( t )         =     t  𝛼   E  1 , 𝛼 + 1  ( t )       −   t  2 𝛼   E  1 , 1 + 2 𝛼  ( t ) +   t  3 𝛼   E  1 , 1 + 3 𝛼  ( t )  


                                    −   t  4 𝛼   E  1 , 1 + 4 𝛼  ( t ) + ⋯ −     t  n 𝛼   E  1 , 1 + n 𝛼  ( t )                                             ( 5 . 14 )


  𝛼 = 1


    D α  ( u ) =   e  t −   u  ( t ) −        u 2  ( t ) ,               0 < α   ≤ 1                                          ( 5 . 15 )  


  u  ( 0 ) = 0                                                                                                                                                                                      ( 5 . 16 )


   ( 5 . 15 )


   ( 5 . 16 )


  ℒ  {   D α  ( u ) } = ℒ  {   e  t }   −  


  u  ( t ) =   


          ∑  n = 0 ∞    p  n   u  n  ( t ) =                                                                       ℒ  − 1  {  1    s α  ( s − 1 ) } −   p  ℒ  − 1      [   s  − α ℒ  { u  ( t ) }   −   s  − α   ℒ  {  u 2  ( t ) }     ]  ( 5 . 19 )


      


                =   t  𝛼   E  1 , 1 + 𝛼 ( t )


    u 1 =  ℒ  − 1      [ −   s  − α ℒ  {   u 0  ( t ) } −   s  − α   ℒ  {     u 0 2 ( t ) }     ]


                = −   t  2 𝛼   E  1 , 1 + 2 𝛼 ( t )   −     t  1 + 3 𝛼     E  ( 1 )  1 , 1 + 3 𝛼 ( t )          


    u 2 =  ℒ  − 1      [ −   s  − α ℒ  {   u 1  ( t ) } −   s  − α   ℒ  {   2 u 0   u 1 }     ]  


                =   − t  3 𝛼   E  1 , 1 + 3 𝛼  ( t )   − t  1 + 4 𝛼     E   ( 1 )  1 , 1 + 4 𝛼  ( t )   − 2 t  1 + 4 𝛼     E   ( 1 )  1 , 1 + 4 𝛼  ( t )


                + 2     t  1 + 5 𝛼     E   ( 2 )  1 , 1 + 5 𝛼  ( t )                                                                                           ( 5 . 20 )


    u 3 =   t  4 𝛼   E  1 , 1 + 4 𝛼  ( t )   + t  1 + 5 𝛼     E   ( 1 )  1 , 1 + 5 𝛼  ( t )   + t  2 + 6 𝛼     E   ( 2 )  1 , 1 + 6 𝛼  ( t ) +  1 2     t  3 + 7 𝛼     E  ( 3 )  1 , 1 + 7 𝛼 ( t )


                  ⋮


                  ⋮


      u  n  ( t ) = t  𝛼   E  1 , 1 + 𝛼  ( t ) −   t  2 𝛼   E  1 , 1 + 2 𝛼  ( t )


                          −     t  3 𝛼 + 1     E   ( 1 )  1 , 1 + 3 𝛼  ( t )   − t  3 𝛼   E  1 , 1 + 3 𝛼  ( t )


                              − 3 t  4 𝛼 + 1     E   ( 1 )  1 , 1 + 4 𝛼  ( t ) + 2     t  1 + 5 𝛼     E   ( 2 )  1 , 1 + 5 𝛼  ( t )


                              + t  4 𝛼   E  1 , 1 + 4 𝛼  ( t )     + t  1 + 5 𝛼     E   ( 1 )  1 , 1 + 5 𝛼  ( t )   + t  2 + 6 𝛼     E   ( 2 )  1 , 1 + 6 𝛼  ( t )


                            +  1 2     t  3 + 7 𝛼     E   ( 3 )  1 , 1 + 7 𝛼  ( t ) …                                                                           ( 5 . 21 )

